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ABSTRACT
In this paper we discuss rate control for multiuser multi-

carrier systems, where the transmitter has a single antenna

and is subject to a PSD mask limitation while the receiver

has multiple receive antennas. This case is typical in many

systems, where each mobile unit has a single transmit stream,

and its transmit PSD is limited by regulatory constraints.

This scenario is also typical DSL upstream transmission with

a vector receiver. In both scenarios we are given a vector of

target rates determined by the network operator and we want

to set up a transmission strategy for each user at each tone.

We show that in this case the problem can be solved using

linear programming, rather than general convex optimization.

The proposed rate allocation technique has two important ap-

plications. First, it provides a computationally simple tool to

evaluate the optimal performance of multiple access systems

under various operator utility functions. Second, it can serve

as a practical tool for rate control of multiple access OFDM

systems.

Keywords: Power allocation, multi-carrier systems, rate

control.

1. INTRODUCTION

Multi Access Communication (MAC) systems are systems in

which multiple independent transmitters communicate with

a single receiver. Such scenarios appear in cellular envi-

ronments where the Base Station (BS) manages the rate of

the various users, in WLAN systems that are managed by

an access point, and in future vectored DSL systems that

will employ joint transmission and reception by a vectored

DSL Access Multiplexer (DSLAM). The initial studies of

multi-access channels go back to the early 1970’s and were

mainly limited to memoryless channels [1]. Liao [2] and R.

Ahlswede [3] derived an expression of the capacity region of

a two-user discrete memoryless multiple-access channel as

the convex hull of a union of pentagons. Wyner [4] and Cover

[1] showed that the memoryless Gaussian multiple-access

channel with 2 transmitters and single receiver given by

x = s1 + s2 + n (1)

where n is a white Gaussian noise with variance N and Pi

is the power of transmitter i admits a very simple capacity

region which is a pentagon defined by

R1 ≤ 1
2 log2

(
1 + P1

N

)
R2 ≤ 1

2 log2

(
1 + P2

N

)
R1 + R2 ≤ 1

2 log2

(
1 + P1+P2

N

)
.

(2)

In the more general case of M users, Cover [1] showed

that the capacity region of a memoryless Gaussian multiple-

access channel is defined as the closure of the convex hull of

the rates (R1, . . . , RM ) satisfying:

CM =

{
(R1, ..., RM ) : ∀S ⊆ M

∑
m∈S

Rm ≤ Rmax
S

}
(3)

where

Rmax
S = log2

∣∣∣∣∣I +
1
σ2

n

∑
m∈S

Pmhmh∗
m

∣∣∣∣∣ (4)

where σ2
n is the additive Gaussian noise power. Any vertex of

the polytope can be obtained using a technique called succes-

sive cancelation; any other point on the polytope face can be

achieved by time sharing between the vertices.

Sartenaer et. al. [5]. analyzed the resource allocation

for the MAC and the Broadcast Channel (BC), and proposed

allocating the resources based on a fairness criterion, which

they term Balanced Capacity. Here, resources are allocated

such that each user receives a share of the rate relative to

what he can achieve when no other users are present. An

iterative algorithm was suggested for computing the rate al-

location under the following three types of constraints: PSD-

sum-constraint for all users, total power-sum-constraint for all

users, and individual total power constraint.

In contrast to the above papers where the transmitter is

constrained by a total power limitation, wireline and wireless

communication systems are typically limited by a regulator

imposed constraint on the PSD envelope of each individual

user. At each frequency bin the transmitted power by a user

must be below a pre-set value. The constraint known as the

individual mask constraint, is currently imposed on cellular
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networks, as well as on wireline networks like the DSL net-

works. The constraint does not allow user to exchange power

between frequency bins. Furthermore, this type of constraint

has advantages for system implementers, since spectrum con-

trol requirements are significantly reduced, and minimal spec-

trum shaping can be done by combined modulation and cod-

ing. In this case the ISI multiple access channel with mem-

ory decouples to a parallel set of memoryless multiple access

channels. Based on [1], [4] and [6] we know that each rate

vector at each frequency can be obtained with rate control.

Hence the power allocation problem is replaced by a rate al-

location problem.

Coded OFDM modulation provides an efficient approach

to exploiting the channel diversity multi access system.

OFDMA is a popular multiple access technique, that allo-

cates frequencies to users such that no two users share the

same spectrum. The advantage of this orthogonal allocation

is the simplicity of the base station receiver. To overcome the

NP-hard rate allocation problem various suboptimal solutions

have been proposed. These include Wong et. al . [7] and

Pietrzyk and Janssen [8] who analyzed adaptive modulation

to multiple users operating in a frequency selective fading

environment for downlink wireless communication systems.

These papers put forward an adaptive approach based on time

sharing of subcarriers between users for allocating the power,

and rates between the users on down link transmission. How-

ever, this approach excludes the simultaneous usage of the

same subcarrier between multiple users, and it not suitable

for rate allocation under a power mask constraint. Shen et. al

[9] proposed a method for resource allocation in downstream

OFDMA systems that has low complexity. This method con-

stituted an improvement over previously solutions [10]. All

these papers combine power allocation with rate allocation

under proportional fairness. However this scenario differs

from ours in two respects; namely, the power limitations are

joint for all users and the channel has a broadcast channel

characteristics. Therefore, no joint decoding is possible for

the mobile users.

In this paper we address the problem of rate allocation

for a multiple access OFDM system under a PSD mask con-

straint. The structure of an uplink OFDM system under con-

sideration is shown in Figure 1. The system has M users and

K subchannels (subcarriers). The base station receives trans-

missions from all users, and assigns a specific data rate to

each user in each subcarrier. All users transmit at the maxi-

mum power allowed by the mask. The decoding of all users

is performed jointly.

Our main focus is the problem of efficient rate allocation

per user per tone under the mask constraint. We show that the

rate allocation problem can be solved using linear program-

ming, rather than general convex optimization. Furthermore

we show how various fairness constraints as well as spectral

efficiency constraints can be incorporated with low penalty.

The use of linear programming for OFDMA systems was pro-

posed in [11].

In our model users share the subcarriers, and the PSD

mask constraint has to be satisfied. This leads to an exact

solution of the rate allocation problem. The proposed rate

allocation technique has two important applications. First, it

provides a computationally simple tool to evaluate the optimal

performance of multiple access systems under various oper-

ator utility functions. This is important in analyzing the per-

formance of suboptimal MIMO receiver and access control

strategies (such as pragmatic approaches to coding and modu-

lation or OFDMA) under real life regulatory constraints. Sec-

ond, it can serve as a practical tool for rate control of multi-

access OFDM systems.

The structure of the paper is as follows. Section II gives

a mathematical formulation of the model, and the definition

of several constraints, such as max-min, balanced rate allo-

cation. Section III provides simulation results for some test

cases followed by a short discussion. Section IV presents the

conclusions.
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Fig. 1. The structure of a general OFDM based multiple ac-

cess system. (a) Single transceiver unit. (b) System structure.

2. PROBLEM FORMULATION

Assume that we have a MIMO-OFDM receiver with p re-

ceivers operating over K tones. Assume that M users are

sharing the same channel. We have minimal target rates for

each user Rm : m = 1, ..., M . The received signal at tone k
is given by

x(k) =
M∑

m=1

hmsm(k) + n(k), (5)

where n(k) is a temporally white Gaussian noise vector.

Without loss of generality, we can assume that n(k) is also

spatially white with variance 1. This can be achieved by

whitening the matrix and changing the equivalent chan-

nel accordingly. User m’s PSD is limited by a PSD mask

Pm(k) : k = 1, ..., K. We want to choose a rate for each

user at each tone such that all rate constraints are met. Pre-

vious approaches to the problem in the DSL context in-

volved the use of power control and duality theory resulting
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in K M -dimensional optimization problems, inside an M -

dimensional search for the Lagrange multipliers. In this paper

we show that transmission using full power and a proper rate

allocation vector can soltve the problem. Furthermore, we

show that the rate allocation problem can be solved using an

equivalent linear programming problem. The problem has

KM variables and 2MK + M linear constraints. However,

each constraint depends only on a small number of vari-

ables so that sparse linear programming techniques can be

used. Finally, for each frequency a simple problem is solved

for power allocation for each user. Each tone consists of a

MIMO multiple access channel (MAC) where each user has

one transmit channel and joint reception using p received

channels is used.

Thus the rate region of the k’th tone is given by the rate

region of an ISI free multiple access channel. Therefore, it is

described by the following inequalities:

Ck =
{

(R1(k), ..., RM (k)) : ∀S ⊆ M,∑
m∈S Rm(k) ≤ Rmax

S (k)

}
, (6)

where

Rmax
S = log2

∣∣∣∣∣I +
∑
m∈S

Pm(k)h(k)h(k)∗
∣∣∣∣∣ . (7)

Note that since we do not have a joint power limit but a mask

limit, the inequalities defining the rate region at each tone are

independent. However the rate control should be performed

jointly; i.e., we need to satisfy the following user rate con-

straints

Rmin
m ≤

K∑
k=1

Rm(k) ≤ Rmax
m . (8)

Now all we have to do is to find a feasible solution to the

linear programming problem (6)-(8).

Another problem is sum rate maximization

max

M∑
m=1

K∑
k=1

Rm(k). (9)

Interestingly, under a PSD mask constraint this problem is

easy since we need to maximize the sum rate at each fre-

quency independently.

2.1. Max-min design

In some cases the operator would like to provide the same rate

to all users. In this case we can again reformulate the prob-

lem as a linear programming problem. In other circumstances

we might add fairness constraint; i.e., for all m1,m2 we can

require that all rates are equal

K∑
k=1

(Rm1(k) − Rm2(k)) = 0. (10)

Once again solving (6), (9) and (10) simultaneously is also a

linear programming problem that provides the maximal bal-

anced rate.

2.2. Balanced rate allocation

The notion of balanced rate was proposed by [5]. Their fair-

ness notion is implemented by equalizing the loss of each line

relative to its single user rate. More explicitly for each user

1 ≤ m ≤ M let

R∗
m =

∑
k

log2

(
1 +

Pm(k)|hmm(k)|2
σ2

n(k)

)
. (11)

Then, the maximal balanced ratio β is given by the maximal β
such that there is an achievable rate vector (R1, ..., RM ) such

that

βR∗
m ≤ Rm for all 1 ≤ m ≤ M. (12)

Since given the channel we are able to compute R∗
M we can

compute the maximal balanced rate by adding a single vari-

able β and M new inequalities (12) and solving the following

system

max β
βR∗

m ≤ Rm m = 1, ...M

∀S ⊆ M, and 1 ≤ k ≤ K :∑
m∈S Rm(k) ≤ log2

∣∣I +
∑

m∈S Pm(k)h(k)h(k)∗
∣∣∑K

k=1 Rm(k) = Rm, m = 1, ...,M.
(13)

2.3. Spectral efficiency constraints

When considering total network capacity, it is typically advis-

able to require users to exploit the bandwidth efficiently; i.e.,

to use high order modulation at all tones. This requirement

is also easy to incorporate into our framework by adding for

each variable Rm(k) a constraint of the form smin ≤ Rm(k),
where smin is the minimal spectral efficiency required. It pre-

vents adding considerable noise by users who gain little from

transmitting at a certain tone.

3. SIMULATIONS

In this section we demonstrate the applicability of the method

for upstream rate allocation in multi-user OFDM systems that

employ joint decoding. We used a multiple access OFDM

system with 6 users and 128 tones. The receiver had 2 receive

antennas. The channels were generated using 15 Rayleigh

fading matrix taps in the time domain

H(t) =
L∑

�=1

H�δ(t − �).
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where L is the number of channel taps, H� had independent

Gaussian elements with zero mean and variance 1. The chan-

nels were transformed to the frequency domain. An example

of one realization of the channels is shown in Figure 2 . The

power of each user (or equivalently the path loss of each user)

was different. User 1 had transmit power to receive noise of

30 dB. User 2 had transmit power to receive noise of 20 dB

and the other users had transmit power to receive noise of 10

dB. We have computed three types of rates. The first was the

max-sum capacity. The second was the equal rate allocation

and the third was a max-sum rate under the constraint that

each user receives at least 90% of the equal rate. The results

are drawn in Figure 3. We can clearly see that under sum

rate maximization the strong user is preferred over the others.

Under the max-min rate constraint there is the most signifi-

cant rate loss for the strong user, while the balanced rates are

indeed intermediate. We also included a design where weak

users were required to receive at least a rate of Rmin

0 20 40 60 80 100 120 140
40

20

0

20
Channels: 6x2 15 taps Rayleigh fading channel

0 20 40 60 80 100 120 140
20

0

20

40

Freq

Fig. 2. 6x2 multiple access channel.

1 2 3 4 5 6
1

1.5

2

2.5

3

3.5

4

4.5

5
Rate allocation for all users

User

R
at

e/
co

m
pl

ex
 d

im
en

si
on

Maximum rate sum
Equal rate
10% for weak users

Fig. 3. Total rates for each user. Max-sum rate, equal rate,

10% loss for weak lines.

4. CONCLUSION AND EXTENSIONS

In this paper we presented a simple rate allocation technique

for multiaccess OFDM systems applying joint receivers. The

method provides both upper bounds on the performance of

multiaccess OFDM systems as well as a practical method un-

der regulatory constraint. An interesting outcome of the re-

sults is that under a PSD mask constraint there is no need

for upstream power control as long as the receiver can be

kept sufficiently linear. This is certainly the case in upstream

VDSL systems.
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